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Abstract 

We contribute to the subject of the physical interpretation of exact 
solutions by characterizing them through a systematic study in terms 
of unambiguous physical concepts coming from systems in linearized 
gravity. We use the physical meaning of the leading order behavior 
of the Weyl spinor components VI/q, ^5 an d ^2 an d of the Maxwell 
spinor components 4>q and (f)® and integrate from future null infinity 
inwards the exact field equations. In this way it is assigned an unam- 
biguous physical meaning to exact solutions and we indicate a method 
to generalize the procedure to radiating spacetimes. 



1 Introduction 



The problem of constructing an adequate dynamical description of a system 
of gravitating compact objects has received much attention recently. Several 
different approaches can be distinguished to tackle this problem. They range 
from post-Newtonian schemes, which can handle systems with low relative 
velocities, to numerical methods that confront the problem of solving the 
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full Einstein equations; by evolving some given initial data on a spacelike 
hyper surf ace. 

There are however other approaches that intend to use mainly an evo- 
lution in terms of characteristic surfaces. In the past we have suggested a 
set of sections at future null infinity(X + ), the so called "nice sections" JTJ , 
that define asymptotically, in the interior of the spacetime, a set of appropri- 
ate characteristic surfaces for this task. Very recently we have proved that 
this sections exist globally on Z + , and that they have the expected correct 
behavior UK]. 

In all these approaches it is important to know how to characterize the 
physical system one has in mind in terms of the physical fields. For example, 
there is growing interest in the study of collisions of compact objects and 
the generation of gravitational radiation in these processes. If one tries to 
describe its evolution in terms of characteristic data, one is faced with the 
problem of ascribing to the asymptotic physical fields the information of the 
physical system in the interior of the spacetime. 

In this article we would like to contribute on the understanding of our 
approach by concentrating on the problem of the physical meaning of the 
asymptotic fields at future null infinity. The point is that if one has a pre- 
ferred set of sections at X + , or equivalently a preferred set of characteristic 
hypersurfaces, one should also know how to read or introduce initial data 
with the desired physical meaning. We know how to ascribe unambiguous 
physical meaning to the fields in the context of linearized gravity; however 
one encounters some difficulties when one wants, for example, to give an 
unambiguous physical meaning to total angular momentum in a spacetime 
admitting gravitational radiation JJ [[J . 

One possibility for the study of a system with compact objects is to try 
to build a framework that uses a finite set of degrees of freedom; which are 
determined by the finite parameters determining the compact objects. In 
this approach one would need to know how to read this structure from the 
physical fields, in particular, the asymptotic geometric fields at future null in- 
finity. More concretely, if the system consists of two compact objects; which 
are characterized by their respective mass, momentum, intrinsic angular mo- 
mentum and their relative position; one would need to relate this structure, 
of the interior of the spacetime, with the structure of the asymptotic fields. 
The present work is a contribution on this relation. 

In some realistic astrophysical systems there is an initial era in which the 
gravitational radiation is very small; as for example is the case of a coalescent 
binary system. When the compact objects are very far apart and with small 
relative velocities, one would like to resort to properties of each compact 
object. In this regime, the quantities describing these properties, should 
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have a clear counterpart in the corresponding description of the system in 
linearized gravity. And it should be noted that the concepts constructed 
in linearized gravity have a natural extension to non-radiating spacetimes; 
where the supertranslation gauge freedom can be fixed. The first task is then 
to understand the relation between the structure of the sources and that of 
the asymptotic fields when there is no gravitational radiation. 

Consequently, in this paper we start to study the issue by restricting our- 
selves to the case of stationary spacetimes. We construct a relation between 
the structure of the asymptotic fields, for systems with compact objects, with 
the structure of the internal fields coming from Einstein equations. More 
concretely, we integrate "inwards", from X + , the exact field equations from 
appropriate asymptotic data. These asymptotic data are suggested by the 
analysis of the corresponding system in linearized gravity, where one has the 
unambiguous physical interpretation provided by the background metric. 

We make extensive use of the null tetrad formalism [0, following the no- 
tation defined by Geroch, Held, and Penrose in |§ (which we refer to as 
GHP). The explicit form of the spin coefficients, Einstein equations, and the 
Bianchi identities can be found in || and f9j. In the next section we define 
the null tetrads upon which our calculations are based. Two definitions of 
tetrads and associated coordinate systems are given for asymptotically flat 
spacetimes. 

In section |3| we analyze the properties of asymptotic fields in linearized 
gravity. In subsections |3.1| and we study the asymptotic structure of the 
Weyl tensor, and the Maxwell fields respectively. 

Motivated by the results of |3J] we give, in section |], the definitions of 
monopolar spacetimes and monopolar spacetimes with angular momentum. 
We find all the exact solutions satisfying these definitions. 

In section [5] we generalize the results of the previous section to the case of 
Einstein-Maxwell solutions, and we give the definitions of monopolar space- 
times with charge and monopolar spacetimes with angular momentum and 
charge respectively. We also find the exact solutions satisfying these last 
definitions. 

2 Standard tetrads and rotating tetrads of 
future asymptotically flat space-times 

2.1 Standard Tetrad 

Our studies are all concerned with asymptotically flat spacetimes at future 
null infinity. The first task is to define the appropriate null tetrads in terms of 
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which we express Einstein equations in the GHP formalism. It is convenient 
to introduce the notion of standard and rotating null tetrads which are defined 
in terms of the asymptotic structure of the spacetime. 

In Appendix [B|, we present the basic equations associated to a general null 
tetrad adapted to an arbitrary null congruence, where it is shown how a local 
coordinate system can be constructed based on an appropriate hypersurface 
E. In this section we make the analogous construction taking null infinity as 
our preferred hypersurface. We assume null infinity (X + ) to have the topology 
of S 2 x IRQ. Therefore, we can make use of a coordinate system (u, x 2 ,x 3 ) 
on X + (where u corresponds to a coordinate along the generators of X + and 
x 2 , x 3 coordinatize the sphere S 2 ). In this way the equation u = constant 
determines a family of smooth sections on X + which we shall denote by S u . 
Conversely given any smooth family of sections on X + , labeled by u, one can 
construct the coordinate system (u, x 2 ,x 3 ) at X + , such that the coordinates 
(x 2 ,x 3 ) are constant along the generators of X + . 

Let S u be a given smooth family of sections of X + . One can extend the 
coordinate system (u, x 2 , £3) into the interior of the spacetime by considering 
the null geodesies in the interior reaching each S u orthogonally. For each u, 
this family of null geodesies generates a null surface N u ; we define the function 
u in the interior of the spacetime such that it is constant on each N u , and 
u = u at X + . Similarly, we define the coordinates (x 2 , x 3 ) in a neighborhood of 
X + , such that they are constant along the generators of N u , and x 2 = x 2 and 
x 3 = x 3 at X + . The fourth coordinate r is taken as an affine parameter along 
the generators of N u . In this manner we obtain a suitable coordinate system 
(u,r, x 2 ,x 3 ) in a neighborhood of X + . By construction this null congruence 
is surface-forming, i.e., the null vector field i a = {du) a is tangent to the null 
geodesies for which r is an affine parameter, i.e., £ a = (-§^) a - Latin indices 
will be understood as abstract indices unless otherwise stated. 

Now we construct the null tetrad (£ a ,n a ,m a ,rh a ) following the path de- 
scribed in appendix [FJ. 

In order to complete the definition of the null tetrad, that we shall call 
standard, additional conditions must be required. First we impose that the 
vector m a (and its complex conjugate) satisfies 

m (u) = m(r) = 0. (1) 

This is always possible by means of null rotations of type I and II, see ap- 
pendix 0. 

Then we require the coordinate system (u, x 2 , x 3 ) at infinity to be Bondi- 
like; i.e., such that the restriction of the conformal metric tensor to X + is 
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given by 




AdCdC 



(2) 
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where we are using the stereographic coordinates C = | (x 2 + ix 3 ) on the 
sphere. 



Under a tetrad rotation of the form m a — > e m a the spin coefficient e 
transforms in the following way: 




The spin coefficient e is pure imaginary, since £ a is geodesicQ; therefore, it is 
possible to choose 9 such that e vanishes. The second condition is then e = 0. 
There is still a freedom in the choice of 8, namely, we can add any arbitrary 
function 6q independent of r. This freedom represents a rotation at infinity 
which allows us to take 



Finally, the affine parameter r is undetermined by an additive function 
r (w, x 2 , x 3 ); which we fix by the requirement 



which is equivalent to think of r as the luminosity distance. This choice of r 
not only simplifies p, but also gives it physical relevance. 

The leading terms X5 2 and Xq (which are independent of r), of the asymp- 
totic expansion of the components of the null vector n a (see (f|5])), vanish 
because of the definition of the asymptotic coordinates and the fact that the 
vector field n a is tangent to X + . It can be seen that Xq has the unit value 
in this case; due to the fact that n a £ a = 1 and I = 

In appendix [B| we present the equations imposed by the torsion-free and 
metric conditions on the connection for a general tetrad associated to a null 
congruence. The corresponding relations for a standard tetrad are easily 
obtained by setting uj = 0, £° = 0, p = p, k = 0, and e = in those 
equations. 

1 The real part of e is proportional to n a £ b \7 b l a .(see definition of the spin coefficients in 





where P Q = \ (l + CC)- 
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2.2 Rotating Tetrad 



Although it is always possible to construct a standard tetrad in a neighbor- 
hood of null infinity for any asymptotically flat spacetime, in certain cases 
it will be more convenient to work with null tetrads adapted to a twisting 
congruence of null geodesies. In this section we define the notion of rotating 
tetrad, as a particularization of the general tetrad given in appendix |B|. 

The fundamental condition imposed on the rotating tetrad is the vanishing 
of the leading asymptotic term of one of the Weyl tensor components, namely 

lim rVi = ipi = 0, (6) 

where ipi = C a b c d^ a, n b £ c m d . This can be achieved by noting that at the section 
S u one can construct a congruence of null geodesies such that ip 1 = on S u 
by appropriately choosing the corresponding twist of the congruence at X + . 
The resulting congruence fails to be surface forming (p — p ^ 0) . Additional 
conditions must be imposed in order to completely determine the tetrad and 
it associated coordinate system. 

As in the case of the standard tetrad we take Bondi-coordinates (u, x 2 , x 3 ) 
at X + . The 'origin' of the coordinate r (affine parameter along the twisting 
geodesies) it is chosen in such a way that 

P + P = -- + o(-\. (7) 



This condition is analogous to the one imposed to the standard tetrad in eq. 
©• 

It is again possible to choose the vector m a satisfying m (r) = (see 
appendix In this case the tetrad can also be chosen such that e = 0, 
in an analogous way as in the previous case for the standard tetrad. The 
remaining freedom encoded in 8 , in the transformation m a — > e te m a , is fixed 
by requiring 



V2P , „ ( 1 




which is equivalent to condition @. From the definition of the asymptotic 
coordinate system, one can show that the leading terms in the asymptotic 
expansion of the components of n a take the values 

X ° = l, X 2 = 0, X 3 = 0, (10) 
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for any asymptotically flat spacetime. The torsion-free and metric conditions 
for the rotating tetrad can be obtained, from the general equations appearing 
in the appendix [FJ by setting uj = 0, k = 0, and e = 0. Finally let us point out 
that the notion of rotating tetrad exists for any asymptotically flat spacetime, 
and coincides with that of the standard tetrad when vanishes. 



3 Linearized gravity 

3.1 The Weyl Tensor in Stationary Asymptotically Flat 
Space-times (Vacuum case). 

In this section we analyze the asymptotic structure of the Weyl tensor in 
linearized gravity for isolated systems. The results obtained here will provide 
physical motivation for the asymptotic conditions required by the definitions 
that will be made in sections |] and |5|. The study is based on the restrictions 
imposed on the curvature by the Bianchi identities. These restrictions define 
the multipolar structure of the geometry of an isolated system in linearized 
gravity. 

We use a null coordinate system, and the corresponding null tetrad (£ a , n a , 
m a , rh a ) adapted to a congruence of hypersurf ace-orthogonal, shear free, null 
geodesies of Minkowski spacetime. These conditions imply that this null 
coordinate system is the one defined by the null cones emanating from 
an arbitrary world line ^(u) given by the equation x^ = z^ (u); where 
fi = 0, 1,2,3. In our case we take z M (u) = u5q. The usual Cartesian coor- 
dinates (a^) = (t, x, y, z) are related to the null polar coordinates (u, r, (, 
by x M = z^ (u) + r/ M (C,C), where Z M (CC) is the null vector in Minkowski 
spacetime pointing in the direction given by £ and where (Z M ) = 
CC) C + C Z '(C — 0) ~ 1 + CO- 111 terms of the above coordinate system the line 
element is ds 2 = du 2 + 2dudr — r 2 ^r, and the null tetrad becomes: 




n 



9_y_i ray 

du) 2 \dr) ' 



(12) 



m 
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(13) 
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The non-vanishing spin coefficients corresponding to our null tetrad are: 

Pm = — , Pm — 27 ' anci ^ M = P'm = ~^/2~^- 

We assume that the energy-momentum tensor of linearized gravity is 

stationary and has compact support; therefore, the field equations have no 

sources in a neighborhood of X + . 

The linearized Bianchi identities depend only on the spin coefficients of 

Minkowski spacetime. In a regular asymptotically flat spacetimef9|] the Weyl 

components ipj with (j = 0, 1,2,3,4) are given by the following asymptotic 

series in negative powers of r 

^ = E^Tby ( 14 ) 



n=0 



where the ip™ are independent of r. 

The radial Bianchi identities, (see equations (3.88-3.91) in ||), restrict 
the asymptotic series in r for the components of the Weyl tensor to: 

^ r 4 r 5 2 r 6 3 r 7 4 r 8 



^ r 3 r 4 2 r 5 2 x 3 r 6 3 x 4 r 7 ' 1 J 



, = ^ _ M + i a^? _ , i 3k 1 , (17) 

^ 3 r 2 r 3 2 r 4 2x3 r 5 2x3x4 r 6 " ' 1 ' 



Vi r r 2 2 r 3 2x3 r 4 2x3x4 r 5 
where the operators cV an d So represent the edth operators on the unit 



spherePflP] in the GHP notation @]. 

New restrictions on the Weyl components come from the non-radial Bianchi 
identities, corresponding to the primed eqs. (3.88-3.93) in ||. These restric- 
tions fix the angular dependence of the Weyl components in the following 

way: 



r 

1=2 m =-e 
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$ = bm ^ (20) 



i>\ = —M, (21) 



where the s Yi m are generalized spherical harmonics of spin weight s[l3fl, and 
a €m , 6 m together with M are constants. From the stationarity requirement 
and the Bianchi identities one can see that the remaining leading order terms 
■03 and vanish 0. 

This constitutes the multipolar structure of stationary isolated systems 
in linearized gravity. 

3.2 The Electromagnetic Tensor 

In linearized Einstein-Maxwell theory Maxwell equations are directly solved 
on the flat Minkowski background. In this section we recall the well known re- 
sult of the multipolar decomposition of the electromagnetic field in Minkowski 
spacetime in terms of the null tetrad formalism. The results will be used in 
section [| to define the asymptotic data of the Maxwell fields for the exact 
Einstein-Maxwell equations. 

The components of the electromagnetic tensor in the null tetrad are 
O = F ab tm\ 0i = \F ah (£ a n b + m a m b ) and <p 2 = F ab m a n b . The radial 
dependence of the electromagnetic field of compact sources is determined by 
the un-primed Maxwell equations in the Newman- Penrose formalism [p| fl5| . 
If we denote the asymptotic series of 0o by 



then the other components are given by: 



q 3 $ lSo<M 13o X 



o 



0° g o 0? , i9k , is 2 



0^0 



(22) 



(23) 



(24) 



Finally, the solution of all the Maxwell equations for the case of stationary 
compact sources has the following structure: 



2 m 



i^*3 ^"3 



+ . . . , (25) 
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A q 

01 = -2 + ■ ■ ■ > 



(26) 



h = (I) , (27) 

where /i m , Q m , and g are constants, corresponding to the dipolar moment, 
quadrupolar moment, and charge of the Maxwell field respectively. The 
component 0° corresponds to electromagnetic radiation. In the stationary 
case one has 02 = 0. 



4 Vacuum exact solutions 



In section |3J] we studied the asymptotic structure of the Weyl tensor required 
by the Bianchi identities in linearized gravity. The structure of a compact 
object in linearized gravity appears in the asymptotic expansion of the Weyl 
tensor as a multipolar series in inverse powers of the radial coordinate. Now 
we look for exact solutions of Einstein equations that have the analogous 
asymptotic structure. The vacuum exact solutions that are characterized by 
the restrictions imposed by the asymptotic structure of compact sources in 
linearized gravity are given by the following definitions. 



4.1 Monopolar spacetime 

Definition 1 We call a spacetime monopolar if it is a stationary, vacuum 
asymptotically Hat, solution of Einstein equations and, in addition, the fol- 
lowing conditions hold in the standard tetrad defined in section ( |2.J| ), namely: 
t/j = ipo = o, and ^ ^ 0. 

The conditions i/)q — and = correspond to the requirement that the 
spacetime does not have further structure than mass (recall that according to 
our results of section (|3.1|) in linearized gravity ip is where quadrupolar and 
higher momenta are encoded, while ip® corresponds to the angular momentum 
data). 

It turns out that the definition of monopolar spacetimes is strong enough 
to single out a family of solutions of the Einstein equations. The result is 
expressed in the following theorem. 

Theorem 1 The solutions to the vacuum Einstein equations which are station- 
ary, asymptotically flat, and in the standard tetrad tp = ip® = 0, and xj)® ^ 0, are 
given by the one-parameter family of Schwarzschild spacetimes. Alternatively, a 
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spacetime is monopolar, in the sense given by the definition above, if and only if 
it belongs to the one-parameter family of Schwarzschild geometries. 

Proof: We start with Sachs equations, the optical scalars equations in the 
GHP formalism, that in this case reduce to: 

+ ™ , *2p* (28) 
or or 

This set of equations are solved by 

C x = ^ L — , P = 5 ~ r - ; (29) 
H - a a r 2 - a a 

where o~o does not depend on r. 

The Bianchi identity involving the radial derivative of ipi || reduces to 



9f = Wi\ (30) 

which implies that ipi = , aj^^a ■ The definition of monopolar spacetime 
requires that ip® = 0; therefore, ip\ must vanish. At this point, the hypoth- 
esis of the Goldberg- Sachs theorem are fulfilled, and consequently the shear 
cr must vanish. This implies that the spacetime is shear free algebraically 
special of type II. The only vacuum shear free, algebraically special solu- 
tion of type II are the Robinson- Trautman spacetimes[I3]; and among the 
Robinson- Trautman solutions the only stationary ones are the Schwarzschild 
geometries. □ 



4.2 Monopolar spacetime with angular momentum 

The next step is to introduce angular momentum in our definitions. The 
existence of angular momentum is given, in the standard tetrad, by a non- 
vanishing ip®. As we pointed out in our definitions of null tetrads in this 
case we have the possibility of defining a spacetime with angular momentum 
in either the standard tetrad or the rotating tetrad, since they differ when 
^ 0. In this section we study the implications of both alternatives in the 
following definitions of monopolar spacetimes with angular momentum. 

Definition 2 A spacetime is called monopolar with angular momentum 
(type a) when it is a stationary, vacuum, locally asymptotically f/atfj so- 
lution of Einstein equations, and in addition, its Weyl tensor in the standard 
tetrad satisfies thatip® ^ 0, ^ 2 / 0, ip = 0. 

2 By locally asymptotically flat it is meant that the conditions for asymptotic flatness 
of U are satisfied locally at I + . In particular it might be that future null infinity is not 
complete. 
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Starting with the asymptotic conditions imposed by the previous defini- 
tion one proceeds to integrate inwards the Einstein equations from future 
null infinity. The result of these calculations are presented in the following 
theorem. 

Theorem 2 The spacetimes which are monopolar with angular momentum 
(type a) are the stationary Newman-Tamburino solutions. 

Proof: One can easily see that the definition 2a implies 

i, = p-p = 0, (31) 

p 2 ^aa , p^O, (32) 

V [a 4] = 0, (33) 

1>i + 0. (34) 
These equations constitute the complete characterization of the Newman- 



Tamburino solutions [III]. Since the definition requires the spacetime to be 
stationary, one concludes that the spacetimes which are monopolar with 
angular momentum of type a are determined by the stationary Newman- 
Tamburino solutions. 

These solutions are not asymptotically flat in all null future directions 
and therefore do not describe the type of physical systems in which we are 
interested. This result suggests that the twist-free standard tetrad might not 
be well suited to the study of spacetime geometries with angular momentum. 
In the following definition we apply our strategy making use of the rotating 
tetrad. 

Definition 3 A spacetime is called monopolar with angular momentum 
(type b) when it is a stationary, vacuum, locally asymptotically Bat solu- 
tion of Einstein equations, and, in addition, its Weyl tensor in the rotating 
tetrad satisfies that i/j® 7^ anc ^ = 00- 

These spacetimes are characterized by: 

3 In both definitions we take ipo = as we did in Definition |l] in order to introduce no 
further multipole moments. 
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Theorem 3 The spacetimes which are monopolar with angular momentum 
(type b) correspond to the spherical Kerr family. The following are the ex- 
pressions for the components of the null tetrad. 

e = 7 C ° rmv (35) 

(r — ia cos \ v)) 

A (r 2 + a 2 cos 2 (#))' W 

y 1 r ° f ° | Mr f 37 ) 

2 (r 2 + a 2 cos 2 (#)) (r 2 + a 2 cos 2 (#)) ' 1 ; 

with £q = — r = %Qq (a cos (0)). The parameters M and a are the mass and 
angular momentum parameter respectively. 

We refer the reader to the Appendix |C| where this theorem is proved. 



5 Einstein- Maxwell exact solutions 

Our construction for vacuum spacetimes can be generalized to the electrovac 
case using the same idea of giving asymptotic data defined by the study of 
fields in the linear theory where their physical interpretation is available. In 
section |3.2| we have described the structure of the asymptotic electromagnetic 



field in terms of a null tetrad. Previously we have showed, in the vacuum 
case, that imposing analogous asymptotic conditions we can single out certain 
families of exact solutions. In this section we continue with the program, 
and combining the linear analysis of Weyl and electromagnetic tensors we 
give new definitions of Einstein-Maxwell space-times which generalizes the 
previous results. 

In the following definition we start by adding charge to the Monopolar 
spacetimes. 

Definition 4 We define a spacetime to be monopolar with charge when it is 
a stationary asymptotically Hat solution of Einstein-Maxwell equations such 
that in the standard tetrad its Weyl and electromagnetic tensor satisfy the 
following asymptotic conditions: ipo = ip® = 0, tp® 7^ anc ^ 0o = 0, <fi\ ^ 0. 

The condition 0o = rules out higher multipole moments in the electromag- 
netic field in the spirit of the linearized analysis. 

The restrictions imposed by the previous definitions are reflected by the 
following theorem. 
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Theorem 4 The stationary, asymptotically flat solutions of the Einstein-Maxwell 
equations such that in the standard tetrad ^ = ip® = , ^ , </> = 0, and 
cf>i 7^ are given by the two-parameter family of Reissner- Nordstrom spacetimes. 
Alternatively, using the definition given above, a spacetime is monopolar with 
charge if and only if it belongs to the Reissner-Nordstrom family. 

We will give a full proof of the following theorem which generalizes the 
previous one. In the sequel we introduce charge to the Monopolar spacetimes 
with angular momentum. 

Definition 5 We define a spacetime to be monopolar with charge and angu- 
lar momentum when it is a stationary asymptotically Hat solution of Einstein- 
Maxwell equations such that in the rotating tetrad its Weyl and electromag- 
netic tensor satisfy the following asymptotic conditions: tpo = 0, 0o = 0, and 

01^0. 

These spacetimes are characterized by the following theorem. 

Theorem 5 The stationary, asymptotically flat solutions of the Einstein-Maxwell 
equations such that in the rotating tetrad tpo = 0, and </> = are given by the 
three-parameter family of Kerr-Newman spacetimes. Alternatively, a spacetime 
is monopolar with charge and angular momentum if and only if it belongs to the 
Kerr-Newman family. The following components of the null tetrad are given by 

C = 7 — , mv (38) 

(r — ia cos (6)) 



/ o . 2 2 row ' \ ' 

(r 2 + er cos 2 (v)) 



U = - 1 -- (^o + gg) + Ml (40) 

2 (r 2 + a 2 cos 2 (#)) (r 2 + a 2 cos 2 (#)) ' 1 } 

with £q = — t = z5 (a cos (6>)). The parameters M, a, and q are the mass, 
angular momentum parameter, and charge respectively. 

We refer the reader to the second part of the Appendix where this 
theorem is proved. 
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Higher Momenta: In all the previous definitions we have required the 
vanishing of the Weyl component ipQ. The motivation for these requirement 
comes from the study in linearized gravity of the multipolar structure of 
compact sources. In section |3] we showed that in the linear vacuum theory 
ipQ contains information concerning quadrupolar and higher momenta of the 
gravitational field. In the spirit of this work, the condition ipo = was im- 
posed in order to exclude the possibility of having higher momenta, and in 
this way, to give a model of particle in general relativity. One can show that 
in the linearized Einstein-Maxwell problem it is possible to include charge 
without breaking this structure (as we did in the previous definitions). How- 
ever, if one tries to introduce higher multipolar terms in the Maxwell field 
one has to necessarily abandon the condition i/jq = 0. For example, in lin- 
earized gravity, if one includes a dipolar momentum \i in the Maxwell field 
(i.e., if one takes <pi = 4-) then the Bianchi identities require for i/jq that 
3^o + So^o^o = ~~ 25 /i3 /L In order to include a dipolar Maxwell field one 
has to necessarily include higher momenta in the gravitational field. 



6 Final comments 

We have succeeded in obtaining exact solutions of Einstein equations start- 
ing with asymptotic data with a natural physical interpretation in linearized 
gravity. These data were designed to mimic the structure of well understood 
solutions of linearized gravity representing compact objects, where the pres- 
ence of the Minkowski background metric provides means of unambiguous 
physical interpretation. 

In the description of systems with angular momentum the results of sec- 



tion [2.2| show the convenience of the notion of the rotating tetrad (a twisting 
null tetrad chosen to annihilate the leading asymptotic component of ipi). 

It is striking that the physically most relevant stationary Einstein-Maxwell 
solutions representing isolated systems are recovered by means of our method. 

Finally, this work suggests the possibility of generalizing the method to 
non-stationary asymptotically flat spacetimes. As it is shown in reference || 
there is a preferred family of sections of X + , the nice sections, that represent 
the notion of instantaneous rest frame for asymptotically flat spacetimes. We 
would like to extend our construction to non-stationary cases by basing the 
null tetrads on these family of sections. In this way we expect to be able 
to contribute to the construction of an approximation scheme, suitable for 
the description of the dynamics of compact objects in general relativity, by 
means of a model with a finite number of degrees of freedom (mass, angular 
momentum, etc.). 
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A Tetrad transformations 

The freedom in choosing a null tetrad satisfying the normalization conditions 
£ a n a = —m a m a = 1, where all other contractions vanish, is given by the 



following transformations [16 



Transformation of type I 



pa _^ ga 



m a ^m a + rr, 



n a -> n a + Trrf + Tm a + TTt. 
Transformation of type II 



n a -> n a , 



m a ^m a + An 



na . na 



Am" + Am" + AAn a . 
Transformation of type III 



where T and A are complex scalars, whereas Z and # are real. Therefore, we 
have six real scalar representing the degrees of freedom of the local Lorentz 
rotations. 
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B General tetrad associated to a null congru- 
ence 



This appendix contains the equations relating the spin coefficients, in the 
GHP formalism, with the null tetrad components associated with the coor- 
dinate system adapted to a real null vector field l a , in the sense explained 
below. The equations corresponding to the null tetrads used throughout this 
paper can be simply obtained by setting certain coefficients to zero according 
to the following rules. In order to obtain the equations in the standard tetrad 
of section set u = C, = p — p = n = e = 0m the equations for the general 



tetrad presented in this appendix. Set u = K = e = 0to obtain the relations 
among spin coefficients in the rotating tetrad. 

The coordinate r is chosen such that the vector field i a is given by: 



d_ 

dr 



(41) 



Let E be a hypersurface such that the integral lines of the vector field £ a 
intercept £ only once. Let {i, x 2 ,x 3 } be a coordinate system on S; then, in 
a neighborhood of £ one can define coordinates { t, r, x 2 , x 3 } such that on S 

t = t , x 2 = x 2 , x 3 = x 3 , (42) 

and { t, x 2 , x 3 } are constant along the integral lines of £ a . 

In this coordinate system the remaining three null vectors are given by: 

™ a = ^^y+ef#-V, (43) 



dr J V dx % 



d\ a = / d 



+«" U?l • (44) 



"•^i.D'^Gp.i • (45) 

where the index % takes the values i = 0,2, 3; the vector n a is real and fh a 
represents the complex conjugate of m a . 

The corresponding representation of the dual null tetrad is given by: 

L = \e ljk ei k {dx i ) a , (46) 
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m a = -^e ijk £ j X k (dx i ) a 



(47) 



n a = -e ijk [U^e + uX^ k + u?X h ] (dx i ) a + (dr) a , (48) 

where d = e ijk X l ^^ k , e ijk = e [ijk] with k = 0, 2, 3, and e 023 = 1. 

The torsion free condition on the covariant derivative relates the commu- 
tator of the tetrad vectors and the spin coefficients^], which are: 



[£, mf = (p + e - e) m a + am a + (/?'- - f) t 



KKI 



(49) 



[£, n ] a = (e' + e') t + (r - f ') m a + (f - r') m a - (e + e) n a , (50) 



[n, m} a = (-e' + e' + pi) m a + a'm a - h't + ((3 - (3' - r) n a , (51) 



m, m 



] a = (p - p) n a + (p - p') £ a + ((3 + f3') m a -({3 + p') m a . (52) 



Writing these expressions in terms of the coordinate basis, one obtains the 
following equations: 



U r = e + e + 



r — r w+ t — r u; 



C/(e + e) 



(53) 



K =(r- r)e +[f-r)e-(e + e) X 



(54) 



u r = (p + e — e) u> + Goo + {(3 — (3 — r ) — kU. 



(55) 



C = (p + e-e)C + aC-nX\ 



(56) 



4 The definition of the spin coefficients in terms of the covariant derivative of the ele- 
ments of the null tetrad can be found in ref. M . 
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Uu r + X k LU k -Ull r - £ k U k = 

((3- ft -t)U -k' - (e' -e -p')uj + a'u, (57) 

ue r +x k a-u;xi.-exi = 

{P-P- r) X' ~ (e' - e' - p') f + a'C (58) 

ULO r + £ p u> p — UJUJ r — £, P LO p = 

( p -p)U + (p'-p') + (P + (3')lu-((3 + P>)lu (59) 

-u>c-z% = 

( p -p)x i + (p+(3')e-(p+P')e, (60) 

where the sub-indices represent the corresponding coordinate derivative. The 
previous equations are the ones that allow us to integrate the components of 
the null tetrad once we have found the spin coefficients that solve Einstein 
equations in the GHP formalism. 

Putting the spin coefficients in terms of the tetrad components, one ob- 
tains: 

P = Y d & + C « fc K< + ^ - < - ^) - > ( 61 ) 

a = -^-C r ?X k , (62) 



H [XI (X^ k + v??) + 



H 



■ d ^ 5 , 



(64) 



P=-^{(<+^i-^e-^)x 

* + ujX^ k + cDf'X fc ) + 

[(-[/£ - x l Q + vxj. + i l xf) ex k + 
(ue r + x l c - uxi - l l x\) ex k ] } 

- - (uJUJ r + £ l U>l - UJUJ r ~ f^i) , (65) 
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^ = ~ d ^k (UC + X l Q - QXl - ?X\) ?X k , 



(66) 



f, (67) 



H 



' =uU r + £ k U k - (Ucu r + X k u k ) + 



c -f { [xfr + xfe - cu - l\x l ] 



[X*(u)?-Qt*)+?i*U]}, (68) 



Xi{X3t*-??u})-X\ti l t*? 



-2Z.X>eu-2Zit l X j Z k (69) 



0J r 



x; (x j t h - Fz k u) - xi€ l £ j £ k 



+2c r x^e^+2c l ex^' 

+C {2£ j t k U - X j £ k u - X j £ k u) + {X l Z j £ k - 2i l X j l k ) 



T' < 70 > 



^ijk 

~4d 



-2xiei k - c {x j t k + t j t k u>) - 

-e (x*e - + , (7i) 
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^ijk 

~4d 



XI 



X j (£ k u - 3£ k u) - 2^i k U - X\X j (f fe f ' + i k i l ) 

+ e [x j [f (u + uu) - e^ 2 ] - ez k uu 

+ Q \x j (X l Z k - £ l £ k u + £ l £ k u) - £ j Z k £ l U 

X 3 [i k (U + wu>) - f V] + g^Uu 
X j ^ x i£ k _ ^ u + £igk Q j + ggkgu 



+ - (2U r + £ l Wt - i l LOl + UJUJr - uuj T ) , (72) 



These relations, for a general null tetrad, generalize the equations of ref. 
that were derived for a standard tetrad. 



C Proof of the main theorems 
C.l Proof of Theorem g 

In this first sub-section of the appendix we study the implications of the 
definition of spacetimes which are monopolar with angular momentum of type 
b. Since the definition is based on the rotating tetrad, one has to begin with 
ipi = 0. Additionally one requires the Weyl tensor to satisfy ipQ = 0, "02 0- 
In the following proofs we refer to Einstein equations and Bianchi identities 
as written in reference ||. 

The first two radial equations for the spin coefficients are given by Sachs 
optical scalar equations 



dp 
dr 



— = p + ao 



do . , 



(73) 



These equations can be written in terms of the matrix W 



p a 
a p 



as 



dW 
dr 



W 2 ; 



(74) 



whose solution is given by 



W 



Po~ r go 

R? _R 2 

£0 PQ- r 

R? R? 



(75) 
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where R 2 = (po — r) (p — r) — cr <7o- In this case po is imaginary by the 
conditions on the coordinate system (see equation (^)). 

From the Bianchi identities equations ( (3.91) of ref. ||) one obtains 

^=4*, (76) 

which implies that ipi — V'l ("^4 + ^ ("f^"))- However, in the rotating tetrad 
ip® = 0, and thus tp l = 0. Therefore, we have that ^0 — ^1 = 0. Now the 
Goldberg-Sachs theorem implies that a = 0, and therefore p becomes 

p = -(r + iA)-\ (77) 

where A = — i po is a real function of the angular coordinates to be deter- 
mined. 

From equations (3.52), (3.56) and (3.57) of ref. |J we obtain: 

T = A> (78 > 



(79) 



(r + %A) 



= (81) 

where To and (3q are, so far, undetermined functions of the angular coordi- 
nates. From the torsion free conditions (|54|) and (|56|) in the appendix [B| the 
radial dependence of the tetrad components and X % is given by: 

S ~~ 7 ^ ' ~~ r^r~r^2V~ > 

(r — (r^ + A z ) 

where £q are to be determined. 

The choice of asymptotic angular coordinates (see equation fllPl)) requires 
Xq = Xq = 0; while the quantities £q and £q are given by (§) and (^|). The 
value of £q is going to be determined below. 
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Given a quantity t] of type {p, q} (see GHP formalism^]), one can express 
the action of the S-operator in terms of the leading order operator 5 (the 
9-operator on the unit sphere), as follows: 

^ = ^-4)+^ , V^j—^+PTV. (83) 

From equation (3.55) of ref. |§ we can determine the angular dependence 
of the function To in terms of the function A, as 

r = -i(5 A. (84) 

From equation (3.54) of ref. U we calculate the value of the spin coeffi- 
cient a', namely: 

a = s-, (85) 

{r + iAf 



and from the Bianchi identities (3.89) and (3.90) in ref. |J we obtain 

^ = - I 2 3 , (86) 

together with 



g ^ 2 ° = 0. (87) 

Therefore, we can express t/)" as ^ = M + i-B where M and 5 are two real 
constants. 

From (3.53) of ref. || one obtains 

/ = _Po T-pfp + r (-M - Z-B) 

P (r - L4) (r 2 + A 2 ) (r + L4) (r 2 + A 2 ) 1 J 

For the case of a rotating tetrad, equation fl5"9|) of appendix [B| is an alge- 
braic relation between p, p' and [7 ; from which one can obtain 

Po 2iA (r 2 + A 2 ) + (r 2 + A 2 ) ' K ' 

From equation (3.59) of ref. || we obtain p' = 1/2 and 

2i(A + B) =3 ^-g ^. (90) 
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This last equation implies, using (p4[), 

d E A = -(A + B), (91) 

i.e. A is a combination of spherical harmonics up to £ = 1. Performing a 
suitable change of coordinates at 1 + one can write A as: 

A = a cos (9) - B; (92) 

moreover, fl9T|) implies do r o — which together with (^) implies a' — 0. 
From eq. (3.58) of ref. 0] one obtains 

/ _ / (r /3 - tqPq) t t (r - a) M + iB 
" e o+ (r2 + A2) + (r2 + A2)2 2{r + lA f> W 

and the asymptotic analysis of equation (^) and (|58D implies e' = 0. 

From the torsion free conditions fl5*8"|), in the leading order of the asymp- 
totic expansion, one obtains 

£ ° = -r = id A, (94) 
and from (|60|), also in the leading order, it is deduced that 

* = -7l| p »- (95) 

and 

2zAX = 3 ^-5o£o°. (96) 

According to equation (|K]), Xq = 1; therefore, the last equation plus (|92"D, 
and (H) imply 5 = 0. 

Straight forward calculation of k' gives zero. Therefore the null vector n is 
geodesic with zero shear (a' = 0). Then the Goldberg- Sachs theorem implies 
that ^3 = ^4 = 0. We conclude then that the spacetime is algebraically 
special of type D. 

Finally the value of the tetrad components becomes: 

= t — ~ m > (97) 

(r — m cos (&)) 



(r 2 + a 2 cos 2 (#))' 1 
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u 



1 

2 



Mr 



(r 2 + a 2 cos 2 (0)) (r 2 + a 2 cos 2 (0))' 



(99) 



where £q = i(5 A, an d A = a cos (6 1 ) . 

This family of algebraic special solutions of type D corresponds to the 
Kerr family. Notice that our tetrad is different from those appearing in the 
text books by Hawking |IT| and Wald[|l7l and in references by Newman & 
JanisiT2[l and Demianski & Newman H. 



C.2 Proof of Theorem g 

The asymptotic conditions in definition |] in section [5] for the electromagnetic 
field allows us to follow the same path in the integration of the fields equation 
as showed in appendix |B| for the vacuum case, all up to equation fl84]) , since 
the Ricci components appearing in the GHP equations up to this point all 
vanish due to the conditions on the Maxwell field. With these partial results 



Maxwell equations |T3 reduce to: 



dr 



(100) 



>2 



dr 



i>! - 2r0x = 0, (101) 



+ 2t'0 1 - p0 2 = 0, (102) 



rfd a ^ x - 302 + T0 2 - 2/01 = 0. (103) 

The first three equations can be written in terms of the spin coefficients 
that where found before equation (|84l) . Equations ( |100| ) and (|77|) imply 

0i = ; J.,^ , (104) 
[r + 1 A) 

equation ( |101| ) tells us that doq = 0, and so q is a constant. Equations ( |102| ), 
and (|77|) imply 

(105) 



r + i A 



Equation (|103|) cannot be solved at this stage since we still don't know the 



form of the components of the null vector n a . However, using the stationarity 
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condition and the asymptotic form of equation ( |103| )p| we obtain 5 O 02 = 
which admits (f)\ = as the only regular solution (since 0° nas s P m weight 
— 1 and therefore its expansion in spherical harmonics s Yi m contains I > 1). 
Therefore, 

A ~ q — 2 , 2 = 0, O = 0. (106) 



(r + iA) 

With this form for the electromagnetic field the rest of the equations in the 
GHP formalism can be integrated in a similar manner as it was done in the 
vacuum case. Additional terms appear, but the structure of the equations 
remains unchanged. Moreover, the function A satisfies the same equation 



(92) with B = 0, i.e., A = acos(9). The final result is: 



= 7 ~ rmv (107) 

(r — la cos \ v)) 

(r z + a 1 cos^ (Oj) 

2 (r 2 + a 2 cos 2 (^)) (r 2 + a 2 cos 2 (^)) ' 1 J 

with £q = i5o (^4)- This null tetrad corresponds to the three parameter family 
of Kerr-Newman solutions. 
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